INTERNATIONAL JOURNAL OF ROBUST AND NONLINEAR CONTROL
Int. J. Robust Nonlinear Control 2004; 14:1035—-1059 (DOI: 10.1002/rnc.931)

Robust trajectory tracking for a scale model
autonomous helicopter

Robert Mahony'*" and Tarek Hamel®

" Department of Engineering, Australian National University, ACT 0200, Australia
2138, UMR-CNRS 6070, 2000 route des Lucioles, Les algorithmes, Bat Euclide B, 06903 Sophia Antipolis, France

SUMMARY

This paper considers the question of obtaining an a priori bound on the tracking performance, for an
arbitrary trajectory, of closed-loop control of an idealized model of a scale model autonomous helicopter.
The problem is difficult due to the presence of small body forces that cannot be directly incorporated into
the control design. A control Lyapunov function is derived for an approximate model (in which the small
body forces are neglected) using backstepping techniques. The Lyapunov function derived is used to
analyse the closed-loop performance of the full system. A theorem is proved that provides a priori bounds
on initial error and the trajectory parameters (linear acceleration and its derivatives) that guarantees
acceptable tracking performance of the system. The analysis is expected to be of use in verification of
trajectory planning procedures. Copyright © 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

There is a growing worldwide interest in the development of scale model autonomous helicopter
systems [1, 2]. It appears that the classical modelling and control approaches (cf. for example [3])
are not directly applicable due to the high actuation to inertia ratios and highly nonlinear nature
of the rotation dynamics exploited in desired flight conditions for scale model autonomous
helicopters. Recently, a number of authors from the control community have begun to
investigate an integrated nonlinear dynamic model of a scale model autonomous helicopters (cf.
conference papers [4-8] and more recently the journal papers [9-11]). Although the model
considered does not contain a sophisticated aerodynamic analysis there is hope that by resolving
the basic trajectory planning and control issues for the model considered, it will be possible to
extend these developments to provide robust practical controllers for scale model autonomous
helicopters. One of the key problems encountered is the presence of significant small body forces
leading to weakly non-minimum phase zero dynamics for the full dynamic model. This is a
theoretical problem that was also encountered in the investigation of the control of a Vertical
Takeoff and Landing Jet (VTOL) [12-16] and [17, p. 246]. Unfortunately, the accepted dynamic
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1036 R. MAHONY AND T. HAMEL

model of a helicopter is not feedback linearizable [18-21] and the differential flatness techniques
applicable in the case of a VTOL do not apply. Recent work [10] uses trajectory planning to
exploit the partial differential flatness properties that do exist for the helicopter model, however,
the final stabilizing control design still relies on an approximation of the model. Most other
authors have applied a robust control design to the model obtained by ignoring the small body
forces and later analyse the performance of the system to ensure that for desired trajectories the
un-modelled dynamics do not destroy the stability of the closed-loop system [7,9, 14]. Such
results either take the form of monitoring the behaviour of the system in order to ascertain when
the stability guarantees of the control design are broken (cf. Lemma 4.1) or provide some a
priori guarantees for a restricted class of trajectories [1,9] (cf. Corollary 4.5). To the authors
knowledge no previous work has proposed a robust nonlinear control for a scale model
helicopter for which there are a priori guaranteed performance bounds given for arbitrary
(bounded) trajectories.

In this paper a control design based on backstepping techniques [22] is proposed for a
dynamic model of a scale model autonomous helicopter. A control Lyapunov function is
derived based on the block pure feedback form [23] of the approximate dynamic model obtained
by ignoring the small body forces. The trajectory tracking control design is developed
independent of a local co-ordinate parameterization of the helicopter orientation, however,
Euler angles are used to parameterize the final ‘yaw’ parameter that does not explicitly
contribute to the flight trajectory dynamics in the idealized model considered. The Lyapunov
function obtained for the closed-loop system is used to analyse the performance of the proposed
control in tracking an arbitrary trajectory. Firstly, a lemma is given (Lemma 4.1) that monitors
the performance of the control relative to the decrease in the Lyapunov function on-line. A
much more difficult problem is to provide guaranteed a priori bounds of tracking performance
for a given trajectory that satisfies certain constraints. Theorem 4.3 provides a result of this
nature for arbitrary bounded trajectories. Finally, the particular case of stabilization to a point
is considered (the stationary trajectory) and Corollary 4.5 derives a bound on the basin of
attraction for the proposed control law applied to this trajectory. The trajectory planning
problem is a separate issue of at least equal importance to the control problem considered in this
paper. Although the trajectory planning problem is beyond the scope of the present paper the
explicit a priori bounds on the parameters of a trajectory that may be tracked to within a
specified error that are given by Theorem 4.3 are expected to contribute to the design of future
trajectory planning algorithms.

The paper is arranged into six sections. Section 2 presents the idealized model of the dynamics
of a scale model autonomous helicopter. Section 3 derives a Lyapunov control for an
approximate system based on that presented in Section 2 via a backstepping approach. Section 4
contains the main results of the paper and presents the analysis of the closed-loop performance
of the proposed control. Section 5 presents a series of experiments which show the behaviour of
the closed-loop system for both the approximate and complete dynamic models of the system.

2. DYNAMIC MODEL OF AUTONOMOUS HELICOPTER
In this section, an idealized model for the dynamics of an autonomous scale model helicopter
is presented. The model is based on a consideration of the helicopter as a combination of

rotor dynamics and rigid body dynamics of the helicopter airframe. Following the lead of
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ROBUST TRAJECTORY TRACKING 1037

Figure 1. Frames of reference of scale model helicopter and principal forces acting on the airframe.

recent work [5,7,9-11] a simple component force model of the rotor dynamics is used. A
controller designed for a real world system would need to consider the aerodynamic effects of
the rotor dynamics in addition to the nonlinear control problem associated with the airframe
dynamics considered in this paper and earlier work. Some work along these lines has been
published since the work in this paper was undertaken (cf. References [24,25] and references
therein).

Let ¢ € R® denote position of the centre of mass of the helicopter airframe with respect
to an inertial frame of reference ¥ = {E,, E,, E.} where E, etc. denote the co-ordinate
axes in the inertial frame. Denote the velocity of the centre of mass as v=¢. Let of =
{E{, E, E{} be a body fixed frame attached to the helicopter, where Ef is the longitudinal axis
of the helicopter frame, E is the lateral axis and Ef is the vertical direction in hover conditions
(cf. Figure 1). Let R : .o/ — .# be the rotation matrix representing the orientation of .o/ with
respect to .#. The angular velocity of .o/ is represented by a vector Q € .o in the body fixed
frame.

In addition to gravitational effect a helicopter is acted on by a number of forces. These forces
seen in Equations (2)—(5) are explained in the following list:

$u: The principal rotor provides a strong lift force termed ‘heave’, oriented along the
axis Ef in the body fixed frame, which is the principal force responsible to sustaining
the helicopter in flight.

|Om],|Qt]: Air resistance on the main and tail rotors result in torques applied directly to the

helicopter airframe |Qw|, |Qt| oriented around the axis of the respective rotor.

Pw: Torque control for the airframe is obtained via a combination of the rigidity of the
rotor blades, coriolis forces associated with the effective flapping hinge due to the
rotor rigidity, and the induced torques obtained from the deformation of the main
rotor disk and consequent tilting of the force vector representing the combined lift
generated by the main rotor blades. The vector w € R? represents the contribution to
the torque from the deformation of the main rotor disk, the principal mechanism
used to obtain control, while the positive definite matrix P > I3 provides the
modification for other forces related to rotor rigidity.
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R(n)Kw: Due to the mechanism used to obtain torque control and the consequent tilting of
the force vector associated with the main rotor lift, the torque control inputs w are
coupled directly to small body forces that affect the translational dynamics of the
helicopter airframe. Here K is a constant matrix depending on the physical
parameters of the helicopter. It is defined as follows:

0 1 0
1 |

K= =10 (1)
0 0 0

where /y and /1 denote the offset of the main and tail rotor masts from the centre of mass.
Newton’s equations of motion for a helicopter subject to the forces outlined above are

E=v 2

my = —E$u + mges + R(n)Kw 3)

R = Rsk(Q) “4)

IQ = —Q x IQ + |Qumles — |Orles + Pw (5)

In practice, the model given by Equations (2)—(5) is difficult to control due to the presence of
the small body forces which couple torque inputs to translational dynamics (Equation (3)). An
approximate model, in which the small body forces are set to zero, is used in the control design

E=v (6)

my = — E%u + mges (7)

R = Rsk(Q) ®)

IQ = —Q x IQ + |Qumles — |Orles + Pw )

The approximate model Equations (2)—(5) is feedback linearizable (and consequently
differentially flat). It is a relatively straight forward exercise to obtain a path tracking
control algorithm for the approximate model References [4—7,11]. This model can also be
used for trajectory planning problems [10, 11] that exploit the differential flatness properties.
However, when a controller designed for the approximate system is applied to the full system
dynamics Equations (2)—(5) there is a performance loss. It is the goal of this paper to provide
an analysis of the robustness of a controller designed in this manner. We have chosen to use a
backstepping control design (in preference to a feedback linearization type design) in order to
exploit the natural robustness of such methodology [22] in the robustness analysis undertaken
in Section 4.

3. LYAPUNOV BASED TRACKING CONTROL DESIGN

In this section, a backstepping control design is provided for the approximate model (2)—(5)
proposed in the previous section.
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Figure 2. Classical ‘yaw-pitch-roll’ Euler angles commonly used in aerodynamic applications. Firstly, a

rotation of angle ¢ around the axes E. is applied, corresponding to ‘yaw’. Secondly, a rotation of

angle 0 around the rotated version of the E, axis is applied, corresponding to ‘pitch’ of the airframe.

Lastly, a rotation of angle ¥ around the axes E{ is applied. This corresponds to ‘roll’ of the airframe
around the natural axis EY.

Let 1 = (¢, 0,y) denote the classical ‘yaw’, ‘pitch’ and ‘roll’ Euler angles commonly used in
aerodynamic applications [26, p. 608] (cf. Figure 2). The rotation matrix R == R(¢, 0,{) € SO(3)
representing the orientation of the airframe A relative to a fixed inertial frame may be written® in
terms of the Euler angles n = (¢, 0,y)

CoChp  SYS0CH — CySp  CySaCH + SyS¢
R= CoSp  SyS0Se + CyCop  CySeSp — SyCo (10)

—50 Sy Co CyCo

The Euler angles 1 = (¢, 0,1) are not a global co-ordinate patch on SO(3). If 6 <7/2 then the
correspondence between the Euler co-ordinates and the rotation matrices in SO(3) is one-to-one.

Let
E:R-> R
d:R->R

be smooth trajectories f(t) = (X(2), (1), 2(¢)) and dA)(t). The control objective considered is
formally described in the following problem.

Problem
Find a feedback control action (u, w!, w?, w?) depending only on the measurable states (&, ¢, n,1)
and arbitrarily many derivatives of the smooth trajectory (£(¢), ¢(¢)) such that the tracking error

& = (&) — &1), p(1) — (1) e R? (11)

converges towards zero for all initial conditions.
#The following shorthand notation for trigonometric function is used.
cp = cos(f), sp = sin(p)
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Define a partial error
EOR0) (12)

comprising that part of the tracking error associated with the position co-ordinates. Define a
first storage function

Sy =1o16, =10, (13)
Taking the time derivative of S| and substituting for Equation (6) yields

d . A
— S, =T =
ds 1 1 (5 f)
=58{(v—1)
where 7 == . Let vq denote a desired value for the velocity v and choose

.1
Vd ZZV——(S1
m

With this choice one has

. 1 1
S| =— 51T(mvd — mvb) + —51T(mv — mvy)
m m

1 1
= 1017 + %(ﬂTUnv — mvy)

The process of backstepping continues by considering a new error
0y = my — mvy

The second storage function considered is

Sy = 4162 = L mv — mvaf?
Deriving S, and recalling Equation (7) yields

S =83 (mv — mig)
= 5;(—E§1u + mge; — mvq)
= 63 (—uR(n)es + mges — myq)

The backstepping process is continued with respect to the new variables (1, u). The control u is
explicit in the dynamics of S; and could be used directly to partially control the error dynamics.
Following this approach leads to a time scale separation of the system dynamics [14, 17]. Such
an approach is advantageous in situations such as hover control where the property may be used
to ensure that part of the system (e.g. regulating height) is more tightly controlled than other
system states. In the case of a VTOL hovering close to the ground this can be a highly desirable
characteristic of the control methodology. However, in more general trajectories an artificial
time-scale separation imposed in the dynamics at this stage can lead to significant robustness
problems. In particular, derivatives of the control u enter into the remaining dynamics of the
system and aggressive control may lead to extreme ill-conditioning of the remaining control
problem. An alternative strategy is to take a dynamic extension of u

i =il (14)
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The actual control « and its first derivative # become internal variables of a dynamic controller.
This approach more naturally allows tradeoff between the various control objectives of the
generic trajectory tracking problem.

Let (4, uq) denote the desired values of # and the control » and set

1
ugR(ng)es == mges — mvq + 92 + . o1

The vectorial value of uqR(14)e3 may be arbitrarily assigned for suitable values of ny and ug.
Note that 4 is not uniquely specified by this relation. The additional freedom in choosing 5, is
used later to control the yaw ¢. It is advantageous to introduce a notation to represent the
desired vector input

1
Xq = ugR(ng)es = mges — mvq + 62 + Eél (15)
With the above notation one has
. 1
$2 = ~102 ——-0301 + 03 (Xa — uR(n)es)

The process of backstepping continues by considering a third error
03 = ugR(ng)es — uR(n)es = Xq — uR(n)es (16)

the vectorial difference between the desired and true values of translation thrust uR(n)e; and a
further error that penalizes the yaw

H=¢—¢

The yaw component of the error term is introduced at this stage of the backstepping procedure
(rather than along with the initial error term d;) in order that the relative degree of d; and &3
with respect to the controls # and w match.

Consider the storage function

Sy = 165 + L el
Deriving S3 and recalling Equation (8) yields
83 = 03 (Xq — (@R(n)es + Rsk(@)es)) + e3( — ) (17)
Remark 3.1

The derivative of Xy is computed analytically by differentiating the expression on the right-hand
side of Equation (15). The derivatives of u4 and n4 are never explicitly computed.

Consider the term associated with 05 firstly. Let (Qq, 14) denote the desired values of Q and the
control derivative . Analogously to the case for uR(#)es, the full vectorial term

g R()es + R(n)sk(Qq)es = X g + 03 + 62 (18)

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2004; 14:1035-1059
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is assigned. Recalling that sk(Qq)e; = Qq x e3 = —sk(e3)Qq Equation (18) may be written as
0 1 0\ /Q}
—1 0 0[] @ [=Rm (Xg+3+05) (19)
0 0 1 U4

It is clear that any vector specified in the right-hand side of Equation (18) may be assigned using
only Q}, Q3 and uy. This leaves Q; free to control the yaw ¢. Set

Yq = ugR(n)es + R(n)sk(Qq)es = Xq + 03 + 02 (20)

Now consider the term associated with ¢; in Equation (17). The desired input for this term is
the yaw velocity of the helicopter ¢. Let ¢4 denote the desired yaw velocity and choose

de-:d’*t?}

To proceed it is necessary to recap the kinematic relationship between the Euler angles and the
angular velocity of a rigid body. The generalized velocities 4§ = (¢, 0,{) are related to the
angular velocity Q via standard kinematic relationship [26, p. 609]

0 sy cy
n= #(9) cocy —cosy |Q= WH_IQ (21)
co SoSy  Socy
where
—Sp 0 1
Wy, =1 cosy ¢ 0 (22)
cocy —sy 0
Replacing # by 74 and Q by Q4 one obtains
0 sy Cy
fiq = @ cocy  —cosy | Qa

Co  SoSy S9Cy
Multiplying by el one obtains ba = (s,/,/c(;)Q(zj + (cw/ce)Qg. Assume 6,y € (—n/2,7/2) and set
Q) = c—o(qs s ——QZ>
Sy
Thus, the nonlinear coupling of the attitude dynamics leads to a dependence of ij on Qﬁ
(assigned in Equation (19)).
With the choices made above one may rewrite Equation (17) as

83 = —18:” = 9302 — 5 + e3( — Pa) + 3 (Ya — iR(es + uR(sk(@es)  (23)
For the last stage of the backstepping algorithm new error terms are introduced
04 = Yq — (aR(n)es + uR(n)sk(Q)e3)

=¢— g (24)
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With this choice the derivative of S3 may be written
Sy = 03] — 0307 — &3 + 0304 + 364
The storage function associated with this stage of the backstepping is
Sa = 3104 + § leal?
Thus, taking the derivative of Sy yields
Sa= 6, (Yq — [iR(nes + 2R(msk(@es + uR((Q x e3)) + e($ —P) (25)
At this stage the control inputs enter into the equations through i = i, Q via Equation (9) and ¢
as seen below.
To simplify the following analysis consider a linearizing control input transformation of
Equation (9). Define
W= —I1Q x 1Q+ |OmT 'es — |01 tes + T Pw (26)
With this choice Equation (9) becomes Q = . Taking a second derivative of Equation (21) and
regarding only the first component yields
b= —elW ' W,w, QW
— w2 S 7)
Co o
Equation (25) may be rewritten as

S = 61(Ya — 2aR(nsk(@)es — [aR(nes — uRm)sk(es)i)) + ea(b —)

To achieve the desired control choose

iR(n)es — uR(n)sk(es)w = Yy — 20uR()sk(Q)es + 03 + 94 (28)
(].‘;:é—84—83 (29)
With these choices the derivative of S4 becomes
Sa = —|04] — 6405 — leal” — e4e3

It remains to show that Equations (28) and (29) can be satisfied simultancously. Rewriting
Equation (28) analogously to Equation (19)

0 u 0\ /W
—u 0 0 || W | =R (Yq— 2uR()sk(Q)es + 95 + 84) (30)
0 0 1 i

As long as u#0 the control signals W', w? and & are uniquely determined. To obtain W one

solves for Equation (27) yielding
Z—“Zf& :¢3_.s4—e3+e1TW,;‘w'/,7w{;19—i—‘Zw2 31)

The above process fully specifies the control inputs W', Ww?, w* and #. Using Equations (14) and

(26) one recovers the original control inputs u and w, that are themselves functions of more
primitive variables of the systems such as flapping angles and thrust components. The
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backstepping procedure achieves the monotonic decrease of the Lyapunov function
L =S +S+S3+S5
This is easily verified by computing
L =51+5+5+58,
= P o 3P~ sl — 1 — e (32)

Recall that §; and &3 together form the original tracking error. The error ¢, regulates the
linear velocity of the helicopter. The additional error co-ordinates d;3 and d4 incorporate
information on the roll, pitch and their derivatives. This is natural for an under-actuated system
since the desired motion can only be obtained by exploiting the attitude dynamics to control the
orientation of the thrust. The yaw orientation and its velocity are stabilized independently using
the errors ¢; and &,. Applying Lyapunov’s second method ensures that ¥ — 0 along trajectories
of the approximate system Equations (6)—(9).

4. ANALYSIS

In this section two results are proved that provide bounds on the evolution of the closed-loop
system given by Equations (2)—(5) along with the control action given by Equations (30), (31),
(14) and (26).

Let

o = (31,2,03,04, 3, 64) € R™

denote the vector of backstepping errors introduced in Section 3. The error dynamics for the full
idealized model Equations (2)—(5) are easily verified to be

~lplp 0 0 0 0 0
~ln - B 0 0 0 R Kw

. 0 -L -L L 0 0 2ELR(m) Kw

oo 0 - - 0 0 o 2L L R(y) Ko (33)
o 0 0 0 -1 1 .
o 0 0 0 -1 -1 .

The linear block is associated with the feedback linearized structure of the approximate model
Equations (6)—(9). The additional perturbations are due to the small body forces in the full
idealized model Equations (2)—(5).
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In the following analysis, bounds made up of norms of the errors |§;, i = 1,...,4 and |e3] and
le4| are used regularly. To simplify notation define

7 = (1911, 1021, 1031, 134l lesl, |ea]) € RS
. 1
A= d1ag<, 1,1,1,1, 1) e RO*6
m
1= LIEDL VLIS L 167 € B
Thus, a linear bound in the absolute norms of the error terms may be written n'y 4+ tTy for
n e R, 7 € R, constant vectors. The Lyapunov function .% may be written
&L =3h? (34)
and its time derivative may be written ¥ = —yTAy (cf. Equation (32)).

4.1. Online stability analysis

Due to the presence of the small body forces in the error equations (Equation (33)) the
Lyapunov function . may not be monotonically decreasing along solutions of the full model
Equations (2)—(5). If the perturbation is small relative to the error o then the linear dynamics in
Equation (33) will dominate the perturbations and the Lyapunov function will be decreasing.
The following theorem provides an analogous result to that obtained in related works [12,27].

Lemma 4.1

Consider the dynamics defined by Equations (2)—(5). Let the controls w and # be given by
Equations (30) and (31) and recover the control inputs w and u from Equations (14) and (26).
Then, the Lyapunov function Equation (34) is strictly decreasing as long as

T Ay = alwl{mo, ) (35)

1 22 1 |
m= (0,1, 2T 0 0) and o= /22 — 2 + 1 = K],
m Wl2 ZMZT

where

Proof
Taking the derivative of &, substituting from Equation (33) and using Holders inequality to
bound the effect of the small body forces yields

. m+1
L< =9 Ay + [52] IRODKw] + o 03] [R(m) K|

2+ m+ 1
+——————104| |R(7) Kw|

= — yTAy + alwanTy

where 7 is given in the lemma statement. The result follows directly from this inequality. []

The constant ¢ = ||K]||, ~ \/E/ZM (for It>ly) approximately measures the inverse of the
offset between the centre of mass of the helicopter and the centre of the rotor disk (at which
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point the force u is applied). Thus, ¢ large corresponds to a small offset and correspondingly
large ‘small body forces’. The larger the value of o, the less valid is the approximate model
Equations (6)—(9) and the more difficult it is to control the full dynamic model Equations (2)—
(5). For a scale model helicopter, a value of ¢ ~ 2-5 is typical, corresponding to an offset of
around 50-20 cm.

4.2. Local uniform practical stability analysis

Lemma 4.1 provides a bound governing the decrease of .# in terms of the size of the small body
forces. Such a result is of significant practical importance in proving the asymptotic practical
stability of the closed-loop system to a neighbourhood of the desired trajectory. Lemma 4.1,
however, does not provide an estimate of the error margin obtained in steady-state tracking. In
this section it is shown that the closed-loop system with the full idealized model Equations (2)—
(5) is locally uniformly practically stable and consequently the error margin for steady-state
tracking of a suitable trajectory is bounded.

Definition 4.2

Consider a system with state x. The system is termed locally uniformly practically stable around
a desired trajectory X if there exists constants ky,k, > 0 such that for all |x(r)| <k, and initial
conditions |x(0) — x(0)|] <k, then there exists k3 > 0 such that

(1) — X(0)] <k3

for all time.

Rewrite Equation (26) as follows:
Pw =1 — Q x IQ — |Omles + |Otlez

Since P(u,w) > I3 it follows that ||P(u, w)||; "< 1. Taking the bound on the above equation one
obtains

W] < colQP + colW] + |wol (36)
where
lwol = |Om| + 191, co = [Illl>

One may think of [wgy| as a bound on the part of the control action w which is necessary to cancel
the effect of the anti-torques Qy and Qr.

Due to the nature of the control design it is necessary to consider the torque input w3
separately from the remaining two torque inputs (W', %?). Consider, Equation (31) and note that
the singularity associated with the Euler co-ordinates makes it impossible in general to obtain an
absolute bound for the value of |#’|. This is a purely mathematical constraint due to the
imposition of a particular set of Euler co-ordinates and does not represent a singularity in the
physical orientation of the system. By choosing different orientations for the inertial frame .#
with respect to which the Euler angles are measured the mathematical singularity may be
avoided. Changes of this nature, made at separate finite times, will not alter the remaining
control design as long as the trajectory in the new and old representations are related to a
smooth trajectory in the general orientation of the helicopter. Assume that the Euler co-
ordinates are recomputed relative to a new inertial frame any time one of the angles 6 or
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exceeds 7 /4. Thus, cos(i), cos(0) > —~. From Equations (22) and (21) the following bounds may
be computed: \/E

1 .
-1 .
17, < o< V2 Wb < v/20l

A bound for Equation (31), using these estimates along with the assumed bound on the values of
cos(i) and cos(0) is

W< (o ) + o p) + 4QP + /21w
where
7 = (0,0,0,0,/2)T, m =(0,0,0,0,v/2,/2)"

Let w1 = (w!,1%?) denote the first two torque inputs for w. Thus, multiplying Equation (30)
by sk(es) one obtains

uv? = sk(e3)R(n)T Yq + 2u diag(1, 1,0)Q + sk(es)d3 + sk(ez)ds
taking norms and bounding this equation one obtains
ul W21 < Y ol + 20l|Qf + <72, 7> (37)
where m; = (0,0,1, 1,0, O)T. Now

W< W2 4 [
< W]+ (o) + < yd + 4QF + V21
(142
]

< lu 2]+ (o, 1> + (L yy + 4IQF° (38)
Thus, bounding [u| [w-2)| provides a bound for i¥|, at least as long as |u| #0.
A bound for |Y4| may be obtained via a rather lengthy and uninteresting calculation which
involves computing bounds for the various desired signals |Yy|, |X4l, |v4] and |v4| used in the
backstepping procedure. One obtains

|Yal<<t2, 20 + <m3,7> + cca|w] (39)
where
2m? + 2 1
7 = (0,0,m,0,0)", ¢ = %

2m+12m +m+12m+1) 2m+ 1 T
n3: b 50!0

i B}

m3 m3 m

A bound for || and for |Q| can be obtained from Equation (24) along with the bounds
obtained for | Yy|. In fact multiplying Equation (24) by sk(es) one obtains a bound for Q!-? only
and not for Q. The bound for Q° is obtained by bounding the first line of Equation (21) and
incorporating the expression for ¢q along with the bounds cos(y),cos(6) > 1 / \/5 discussed
earlier

Q< IQ] + <13, 1) + <ma, 7D
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where

73 =(0,0,0,v/2,00, m=m
Thus, one obtains the following bound for |Q):
QI <2(Q"2| + <13, 1> + (s )
Multiplying Equation (24) by e} and taking norms one obtains the following bound for |1
|| < <4, x> + (s, yyocs|w]
where

1
T4 = (09 m, 05 Os 0)5 3 = %
m

m+112m+1
= 7—71
s < m*’m’ m ’0’0>

Multiplying Equation (24) by sk(e3), taking norms it is seen that |u||QQ] may be bounded by the
same bound used for [#]. Combining the above results one obtains

Q) ﬁ«ql(m, 1+ <o), 7> + ocalwl)

where
q1(u) = 214 + |ults, ¢4 =2c3, pi(u) =2ns + [ulny
By combining Equations (36), (38) and (39) one obtains
1 .
|wl <m(<cn(u),;{> + <{pau), 7y + oeswl + 20l Q] + di |ul 1QF + [u] [wol) (40)
where ¢>(u) = (1 + v/2)12 + [ulti, ¢s = ¢2, dy = 4+ ¢o and pa(u) = (1 + /2)m3 + lulmy + 72
Finally, from Equation (16) one obtains the two sided bound on the control u
mg — {15, 17 — M6, ) <|ul <mg + (15, ) + {76, ), (41)

where
1 T
T5 = (m: 0)0)070)T9 Te = (E7171707050>

The following theorem uses the above development to derive an explicit relationship between
a guaranteed bound on the evolution of the Lyapunov function (and hence guaranteed tracking
performance) in terms of quantitative bounds on initial conditions, desired trajectories and the
physical geometry of the system (in particular the constant ¢ relating the size of the ‘small body
forces’ to the torque control).

Theorem 4.3

Consider the dynamics defined by Equations (2)—(5). Let the controls w and # be given by

Equations (30) and (31) and recover the control inputs w and u using Equations (14) and (26).
Let ko, k; and k; be the following initial bounds:

|2O)<kg, QO <k, ol <(Qml + Q1)) <k
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Define the auxiliary constants
P = |mgm + m + (1 + /2)ms + mgdikymy + 2k (1 + dy)ms|
Py = |m + dikiml
g3 = Imgri + (1 + V212 + mgdikyts + 2k (1 + i)l
q; = |t + dikit5]
c6 .= 5+ 2kic3 + dikicy

Define two bounding functions for the possible trajectories y in terms of the available control
margin (mg — A)<u<(mg + A)

kol(mg — A)(1 — (aka /ko)Imo|) + Aaps|mo| — a(cs + pSImo|)]

B = o(p} — A4} — Ad) “
By(A) = % (43)
Let
A, =arg sup min{B;(A), B»(A)}

ko(ca+2Imo] |n5\>)

A= (”’g* Rilmo]

B, = sup min{B;(A), Bx(A);
As (mgf ko(ea-+2lmo] \n.e\))

ki |mo

Then, for any trajectory y such that
x| < B,

the closed-loop system is uniformly practically stable (cf. Definition 4.2). More precisely,
|2 (0| <kg, Q0 <ki + kolmollmal(mg + AL) + [moll @B, and u>mg—A,  (44)

for all time 7>0.

Remark 4.4

(i) Without any further conditions on k; and ¢ there is no a priori guarantee that the bounds
B and B, are positive and the theorem may be null. In practice, the physical constraints of
helicopter construction ensure that the bounds are reasonable and lead to practical bounds
on possible trajectory choice. Figure 3 shows a plot of Bj(A) and B;(A) for the helicopter
example considered in Section 5.

(i1)) Maintaining a lower bound for |u| corresponds to maintaining a positive lift on the main
rotor disk at all times.

(iii) A separate bound on the angular velocity Q is necessary due to the linearization procedure
Equation (26). This linearization procedure enters into the analysis via the small body
forces and is one of the main sources of complexity in the derivation. The bound Kq
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(Condition (1)) is slightly larger than the initial condition bound k; since an aggressive
trajectory choice may result in larger angular velocities than the initial conditions. In
practice the angular velocity does not become unbounded for valid trajectories.

Proof

In order to derive the result, the conditions provided by the bounds B; and B, are transformed
into a set of a conditions that are less directly connected to the trajectory planning problem but
more closely related to the manner in which the bounds necessary for the proof are derived.
Define the following two functions of u:

q3(w) = q2(u) + 2kt + dikigi(w),  p3(u) = p2(u) + 2kims + dikipi(u)
Due to the bound B,(A) along with Equation (41) one has

Using this relationship and substituting for previous definitions one obtains the structural form
of the constants p3, pi, ¢3 and ¢}

P = AP <PS+ A PSS — A <) <g5+ A, g

The following three conditions follow from the bounds B; and B,. Condition (i) follows from
the limiting condition A, =mg — (ko(cs + 2|mo||7s|)/k1|mo]) in the bounds B; and B, while
Conditions (ii) and (iii) are direct consequences of bounds B; and B, along with the definitions
of p3(u) and ¢3(u):

1) 10 <Kq = (1/(mg — A,)|mo)(ko(ca + 2|molIms]) + kolmal(mg + A,) + |mollzs|B,)

(i) o<(mg—A,)/(cc+ Imollps()| + (1/ko)(p3()llg3()| B, + (mg — A, )ka|mo]))

(i) [slko + [vs]B. <A,

It remains to show that these identities lead in turn to the theorem statement.

At time zero, the first bound in Equation (44) is satisfied directly by the theorem statement.
The second bound follows from Condition (i). Recall Equation (41) and (at time ¢ = 0) apply
the bounds |.#(0)|<k3 and Q(0)<Kgq. Combining this with Condition (iii) it follows that
u(0) > A, . This shows that the bounds are valid at time zero. Moreover, the evolution of the
state of the helicopter is smooth and we may proceed using a proof by contradiction.

Assume that the bounds Equation (44) are not valid for all time. Then there exist a first time ¢,
such that for all 0 << ¢, the bounds Equation (44) are valid. The contradiction is shown case by
case:

Assume that [u(9)] = A, and that | £(1)| <k} and Q(f)< Kq on the interval ¢ € [0, 7p]. But now
an argument identical to that given in the paragraph above shows that for all ¢ € [0, #y] then
|u(ty)| > mg — A, . This ensures that the bound on |u| cannot be the first bound which is broken.

Assume that |Z(t)| = ké and that |u(?)] > mg — A, and Q(f)< Kq on the interval ¢ € [0, £].
Using the bound on Q(f) < Ko one obtains

|1 < Kolitl, 12 <KolQl

Combining Equations (40) with the parameters given in the theorem statement one obtains the
following relation bound on w:

1
< e (3. 2 + <p3(u). ) + (mg — Al
g 0Ce

,A*
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Observe that Condition (ii) ensures that
mg — A,
<
¢6 + [mollp3(w)l + ao

where ay >0. Thus, mg — A, — o¢e > 0. Substituting into Equation (35) it follows that £(1) <0 if

P2 sty s+ g Aol )
But on the interval 7 € [0, ty] one has Z(t)<k3, [y|< B, and |wo|<k,. Applying these bounds in
the above equation it may be shown that this condition is equivalent to Condition (ii). Since
£(0)<k? is valid at time zero then #(f)<k? remains strictly bounded on the interval 7 € [0, #].
This ensures that the bound #(r)<k3 cannot be the first bound which is broken.

Assume that Q(79) = Kq and that [u(r)] > mg — A, and |£(1)| <k} on the interval ¢ € [0, 7).
Recall that

Q1< (€ar(w. 1> + <> + e
g *

then substituting for the bound on |w| obtained above one obtains
1
Q< ———— <<611(u), 1+ <piu), v
mg— A,

0C4

+ T(@s(ﬂ), 1>+ <p3(u), v> + (mg — A*)|W0|)>
mg — A, — 0C

Substituting for the bounds on y and y (from the bound on %) it may be shown® that the right-
hand side is exactly the right-hand side of Condition (i). But then from the conditions of the
theorem |Q(7y)| < Kq which contradicts the assumption.

It follows by contradiction that all three bounds are valid for all time. [

An important observation that follows from Theorem 4.3 is the explicit trade off between
accuracy of initial condition and the aggressiveness of the goal trajectory. This is best seen by
regarding Equation (43) where it is clear that increasing k, directly results in a decrease in the
bound B,(A) and is expected to translate into a reduction of the margin B, available for the
trajectory choice. An advantage of the form in which Theorem 4.3 is stated is that the tradeoff
between initial condition and tracking performance is naturally incorporated into the analysis
and no special cases need to be considered separately.

4.3. Local asymptotic stability for constant trajectories

It is interest to consider the particular case of stabilization to a constant hover position or
tracking a desired trajectory with a constant velocity. In this case no margin for the bound B,
need be preserved since |y| = 0. Assume that the constant rotor drag required for hover is known
and pre-compensated such that the remaining air resistance terms Qy and Qt are negligible.

SThe argument used here is too complicated to include here and adds little insight to the overall proof. Interested readers
may obtain the details by contacting the authors.
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Corollary 4.5

Consider the dynamics defined by Equations (2)—(5). Let the controls w and & be given by

Equations (30) and (31) and recover the control inputs w and u from Equations (14) and (26).
Let k¢ be a bound on the initial condition of the Lyapunov function

[20) <k
Assume that the anti-torques and the accelerations of the desired trajectories y are zero
lxl=0 and [Qm|+101/=0

If there exists A > 0 such that

(1) 120 <Kq = (1/(mg — A)lro|)ko(ca + 2[mol|7s| + |4|(mg + A))
(i) o<(mg—A)/(cs+ Imollpa(w)])

(i) A > |mglko

then the control W and #, given by Equations (30) and (31) locally asymptotically stabilizes the
posture (6; — 0, &3 — 0) and thus solves stabilization and constant velocity trajectory tracking
problems for the complete system Equations (2)—(5).

Proof
Note that the conditions in the Corollary statement are simplified versions of Conditions (i)—(iii)
used in the Proof of Theorem 4.3.

The first part of the proof is given by the proof of Theorem 4.3. That is . is always bounded
by k3. Considering that [u(r)] > A and Q(f) < Kq for all time and using the bound on Q(7) < Kq
one obtains

il Q] < Kalil, |QF <KolQ|

Combining Equation (40) with the parameters given in the theorem statement yields the
following relation bound on w
1

A —oce

wl<

{p3(u), 7).

Substituting into Equation (35) it follows that £(1)<0 if

T o T
- =
y (A Aa%pg(u)no)v 0

Condition (ii) ensures that
A
¢6 + |mollp3(u)]

and consequently the Lyapunov function is strictly decreasing. Classical Lyapunov theory
completes the proof. O

5. SIMULATIONS

In this section some simulations indicating the performance of the algorithm proposed in
Section 3 are presented.
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Theorem 4.3 provides a means of trading off guarantees on tracking performance verses
stabilization robustness to initial condition error. In practice, this information is used to provide
parameter bounds for trajectory planning algorithms. Note that the bound ky on the Lyapunov
function measures all the derivatives of the trajectory and not just the position. This is
particularly interesting when one considers a trajectory constructed from piecewise smooth
template trajectories, such as trimming trajectories [7,28,29]. The tradeoff in Theorem 4.3
provides an explicit a priori bound on the tracking performance when impulse changes in higher-
order derivative terms contributing to the Lyapunov function are introduced.

The following simulations and plots are completed for an example scale model autonomous
helicopter with parameters given in Table I. These values represent typical values for scale
model autonomous helicopter capable of lifting a payload of around 3-4 kg. The parameters
used for the dynamic model are based on preliminary measurements for a VARIO 23cc scale
model helicopter owned by HeuDiaSyC (CNRS Laboratory, Université de Technologie de
Compiegne).

To provide a perspective on the nature of the bounds and guarantees provided by Theorem
4.3 two plots of the bounding procedure and relationship between ko and B, are provided. A
typical example of min sup bound proposed in Theorem 4.3 is shown in Figure 3 for a value of
ko = 2. The values of k; = 0.01 and k, = 0.002 were used in the estimates. Note that the min sup
of By and B, is clearly defined at the intersection of the two graphs. The quadratic nature of the
denominator of Bj leads to a singular asymptote in the plot of By and the intersection of the
upper branch with the linear bound B, will always lead to the actual value of B,. As a
consequence of this asymptote, the bound on A, never decreases to zero. There is some physical
insight in this structure since for the helicopter to achieve any trajectory it is necessary that there
is some control margin mg + A, > u>mg — A, . Since there are always small body forces and
initial trajectory errors incorporated in the statement of Theorem 4.3 then a lower bound on A,
is expected.

Plotting a figure like Figure 3 for multiple choices of initial condition k¢ it is possible to
determine a curve indicating the relationship between ko and B, . This relationship is shown in
Figure 4 for the same choices of k| and k; (k; = 0.01, k5, = 0.002).

Consider the case where ky — 0 and consequently #(0) - 0 corresponding to initial
conditions that exactly match the desired trajectory motion. In this case the bound B, converges
to a finite limit. This is a physically sensible property since it is clear that for arbitrarily
aggressive trajectories the small body forces generated will destroy the tracking properties of the
algorithm no matter how small the initial estimate of the Lyapunov function. Effectively, the
maximal value of B, (BT** ~ 0.104) provides a bound on the guaranteed asymptotic tracking
performance of the closed-loop system in the presence of small body forces. In the converse case,
as B, is decreased toward zero, it appears that the initial bound on the Lyapunov function
increases to infinity. In practice, there is a physical limit on the control action 0 <mg — A<u
that limits the range of A,. Applying this constraint in Equation (43) prevents one from using
the theoretical min sup measured from Figure 3 and leads to a hard constraint on the maximum
initial value of ky. This physical constraint prevents Corollary 4.5 from being extended to a
semi-global asymptotic stability result.

Two simulations of the performance of the closed-loop system have been undertaken. The
first experiment considers the case of stabilization of the helicopter dynamics to a stationary
configuration given an initial offset. The second considers the case of trajectory tracking. The
trajectory chosen for the tracking simulations is a helix ascending in the vertical direction. For
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Table I. Parameters of typical scale model autonomous helicopter.

Parameter Value
Mass 9.6 kg
If 0.40 kg m’
It 0.56 kg m?
I 0.29 kg m’
|Om] 0.002
|07l 0.0002
It 1.2m
Im 0.27 m
g 9.80 ms~?
3.345
2 T T T T 0.03 T T T

151 B1 q 0.025

1r b 0.02

05 b 0.015

0.01

[R—

B1(B2)

B1(B2)
o

Enlargement of dashed
box shown in diagram

-05F on the right. b 0.005
B1
1t R 0
-15¢1 E —0.005
_2 1 1 1 1 —0.01 1 1 1
0 1 2 3 4 5 2.7 2.8 2.9 3 3.1
A A

Figure 3. Graph of the bounds B; and B, with respect to A for a fixed value of ky. The right-hand graph is
a close up of the intersection point of the left-hand figure.
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0.01 ! ! ! ! ! ! ! ! !
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Figure 4. Graph of the relationship between k¢ and B, for fixed values of k; and k.

all simulations the helicopter is initially in hover with heave input uy = gm ~ 96 sustaining its
flight. The initial position is

In the first simulation the stabilization of position of the helicopter is considered. The desired
position &, and #, are chosen to be

The evolution of the dynamic state of a the scale model autonomous helicopter is shown in
Figure 5.

The second experiment concerns the problem of tracking a trajectory. In this case, the desired
trajectory was chosen as a helix ascending from a point near the centre of mass of the helicopter.
The initial condition is characterized by the fact that £ (0) ~ 7.
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4 2
3 15
N N 2 > 1
1 0.5
0 0
0 0.5 1 0 0.5 1
X X
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3 5 5
0
2 0
& -5 >
[«n)
1 -5
~10
0 -15 -10
0 20 40 0 20 40 20 40
t t t
1 2 4
15 3
x 0.5 > 1 N2
0.5 1
0 0 0
0 20 40 0 20 40 0 20 40

t t t

Figure 5. Evolution of the states for the case of stabilization of scale model autonomous helicopter.

The velocity of the desired trajectory is

0.1 cos<{>

E=| o01sing |. do=0.1
—0.05

Thus, |y|< B, = 0.0142. Note that only the derivative (and higher derivatives) of the velocity of
the desired trajectory enters into the calculation of y. Thus, the bound B, is usually much
smaller than a bound directly on derivatives of the velocity of the trajectory. This is important
since it allows one to analyse high speed trajectories as long as they are relatively smooth. The
evolution of the dynamic state for the second simulation is shown in Figure 6. The evolution of
the corresponding Lyapunov function is shown in Figure 7.
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Figure 6. Trajectory tracking for a helicopter in the presence of small body forces. Solid lines show the
evolution of the actual trajectory while the dashed lines represent the evolution of the desired one.

6. CONCLUSIONS

In this paper, the question of obtaining an « priori bound on the quality of tracking for arbitrary
trajectories was considered for a dynamic model of a scale model autonomous helicopter. A
Lyapunov control function was derived for an approximate model (in which the small body
forces are neglected) using backstepping techniques. Using the robustness of Lyapunov control
design approach the dynamics of the closed system was analysed and a theorem was given that
provides a priori bounds on initial error and the trajectory parameters that guarantee acceptable
tracking performance of the system. The analysis is expected to be of use in practical trajectory
planning procedures. To the authors knowledge this is the first time that quantitative a priori
robustness bounds for arbitrary bounded trajectories have been derived for a rigid-body system
with ‘small body force’ dynamic perturbations.
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Figure 7. Evolution of the Lyapunov function.
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